INTRODUCTION
This paper deals with the quantitative analysis and with the developments of simulations for a free boundary value problem, with phase transition, in one space dimension. Specifically, the contents refer to a third-order heat diffusion model proposed in a recent paper within the framework of the extended heat conduction theory [l-5] .
The mathematical model will be briefly summarized in the next section with proper reference to existing literature, so that the technical difficulties and the physical motivations of the analysis developed in what follows can be put in evidence.
The proper background for the simulations proposed in this paper is the qualitative analysis of [6] which provides an existence and uniqueness theorem for the solutions to the initial-boundary value problem. Simulations can put in evidence, as we shall see, interesting behaviours which cannot be described by the above-mentioned qualitative analysis. The technical difficulty, to be overcome by application of specific algorithms, is the presence of small parameters which generate a singularly perturbed problem. The simulation scheme has to control the boundary layer effect which arises when the previously-mentioned parameters tend to zero.
Simulations Moreover, detailed one-dimensional simulations of heat waves have been discussed in a recent paper [12] .
The paper is organized into four sections. In detail, Section 1 is the above introduction related to the aims of the paper and to its organization. The mathematical model and the related free boundary value problems are described in Section 2. Section 3 deals with the nondimensional form of the equations. Section 4 deals with the development of the finite difference schemes and with simulations organized to put in evidence the influence of the relaxation times in the behaviour of the interface. In the applications examined, we find some basic property of the function s(t) which describes the moving boundary; moreover, the shifts from the Fourier situations are also computed.
THE FREE BOUNDARY VALUE PROBLEM
The importance of using non-Fourier models to analyse many physical processes of heat propagation is documented by numerous papers, see, e.g., [l-3] , where a large bibliography is provided. As is known, extended heat models are useful specially when very high temperatures or short times are involved. Since, in some situations a change of phase can occur, in the recent past, problems related to this physical process have been considered in the framework of the extended heat conduction theory. In particular, we can find several papers on the subject, see, e.g., [13-181 and the references quoted therein, where Cattaneo-Vernotte-Maxwell heat conduction law, [19, 20] , is assumed rqt + q + ku, = 0.
In (2.1), u(s,t) and a(~,t) represent, respectively, the temperature and the heat flux at the position x at the time t; moreover, k is the thermal conductivity and the small parameter l? is the relaxation time.
A more general heat conduction model, see, e.g., [2,3] and references therein, is the following:
rqt + q + ku, -mm = 0,
where we find a second small coeficient /.J depending on the relaxation time of the temperature gradient. When p = 0, from (2.2), one has (2.1) and, if /J = r = 0, from (2.2), the classical Fourier law follows. In a recent paper [6], we considered a problem of phase-change starting from (2.2). More precisely, we discussed a one-phase melting process, where a solid-liquid interface of equation by x = s(t) separates the liquid phase (x < s(t)) and the solid one (x > s(t)), and where the solid phase is assumed to be known.
Of course, the energy balance equation holds true and, in absence of heat generation in the medium, one has kut + ctq, = 0,
where (Y = k/PC is the thermal diffusivity, p the density, and C the specific heat. Thus, if we denote by L the latent heat and by u, the melting temperature, we obtain the following free boundary value problem:
rqt + q + ku, -Puqxx = 0, O<t<T, 0 < x < s(t), (2.4) kut + aq, = 0, O<t<T, 0 < x < s(t), As to problem (2.4)-(2.9), in [6], we proved an existence and uniqueness theorem for small times, under suitable hypotheses on the data. Here, we continue the discussion by using computer simulations. In this way, we can obtain examples of solutions that exist for large times and with increasing interface. Moreover, we give a first heuristic contribution singular perturbation problem that arises when the small parameters that characterize the model l?, p -+ 0.
NONDIMENSIONAL EQUATIONS
Now, we transform the equations of the free boundary problem into a non-dimensional form. Precisely, we define the new functions ~(21, tl), ql(zl, tl), sl(tl) as follows Finally, obviously we get the tranformed initial and boundary conditions which replace (2.8) and (2.9). Now, we recollect the above results, we drop the subscript and we obtain the dimensionless equations of the free boundary problem rqt + Q + uz -pqzr = 0, O<t<T, 0 < z < s(t), (3.10) ut + qz = 0, O<t<T, 0 < x < s(t), (3.11) Finally, let us note that if u(z,t) and q(z,t) verify the system (3.10),(3.11), then both the functions satisfy the same third order equation rvtt + vt -p&t -w,, = 0.
(3.16)
NUMERICAL SIMULATIONS
In this section, we perform some numerical simulations. First, we apply the finite-difference method to equation (3.16). We follow the arguments developed in [7] with reference to the wave equation with viscosity and we obtain the following scheme where vij = V(xi, tj) = v(iAx,jAt), and At n=z, @t r2=a22. Then, we use (4.1) to compute the temperature and, on every time step, we get q by means of
Finally, we use Sj+l = Sj + q (Sjl tj) At (4.3) to obtain the free boundary. Now, we examine some particular applications. We first consider the problem (3.10)-(3.15) with the following initial and boundary conditions: (Figure 2b ). In the pictures, there is explicitly shown only the value s(T), T = 0.2; however, s(t), t < T can be easily read by means of the scales. We can note that the difference between the interfaces is always positive, As(t) = sf(t) -se(t) > 0, (4.6) where sp(t) (se(t)) d enotes the moving boundary related to Fourier (extended) model. Moreover, the difference between the interfaces is decreasing for increasing times.
The results are confirmed in the last application, where initial conditions (4.4) hold true and (4.5) is replaced by g(t) = 400, (4.7)
The simulations of the interface are given in Figure 3 . All of the above examples show that the difference between the interfaces is decreasing also when I? and p tend to zero. This provides an answer towards the analytic treatment of the singular perturbation problem. 
